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at the boundary. Similarity transformations are used to convert the partial differential equation
corresponding to the momentum equation into nonlinear ordinary differential equation. Numerical
solution of this equation is obtained by shooting method. It is found that the horizontal velocity
decreases with increasing slip parameter.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
The study of hydrodynamic ﬂow and heat transfer over a
stretching sheet has gained considerable attention due to its
applications in industries and important bearings on several
technological processes. Crane [1] investigated the ﬂow caused
by the stretching of a sheet. Many researchers such as Gupta
and Gupta [2], Dutta et al. [3], and Chen and Char [4] extended
the work of Crane [1] by including the effect of heat and mass
transfer analysis under different physical situations. On the
other hand, Gupta and Gupta [5] stressed that realistically
stretching surface is not necessarily continuous. Most of the
available literature deals with the study of boundary layer ﬂow2530452.
o.in.
lty of Engineering, Alexandria
g by Elsevier
ng by Elsevier B.V. on behalf of F
04over a stretching surface where the velocity of the stretching
surface is assumed linearly proportional to the distance from
the ﬁxed origin. However, it is often argued that (Gupta and
Gupta [5]) realistically stretching of plastic sheet may not nec-
essarily be linear. This situation was beautifully dealt by Kum-
aran and Ramanaiah [6] in their work on boundary layer ﬂuid
ﬂow where, probably ﬁrst time, a general quadratic stretching
sheet has been assumed. Recently, various aspects of such
problem have been investigated by many authors [7–20].
Ali [21] has investigated the thermal boundary layer ﬂow by
considering the nonlinear stretching surface. A few years later,
Magyari and Keller [22] also focused on heat and mass transfer
on boundary layer ﬂow due to an exponentially continuous
stretching sheet.
Extension to that, Elbashbeshy [23] added new dimension
to the study of Ali [21] on exponentially continuous stretching
surface. Vajravelu [24] and Vajravelu and Cannon [25] also
considered the ﬂow over a nonlinear stretching sheet. Khan
[26] and Sanjayanand and Khan [27] studied the viscous–elas-
tic boundary layer ﬂow and heat transfer due to an exponen-
tially stretching sheet. Later, Sajid and Hayat [28] consideredaculty of Engineering, Alexandria University.
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due to an exponentially stretching sheet by solving the problem
analytically via homotopy analysis method (HAM). Akyildiz
et al. [29] consider the velocity u= cxn at y= 0, which was
employed for positive odd integer values of n. It is clear that
such a proﬁle would fail for even integer values of n, as the
ﬂow at y= 0 would be in the wrong direction in the case of
1< x< 0 (see Van Gorder and Vajravelu [30]). With the
help of the modiﬁcation provided in Van Gorder and Vajrav-
elu [30], one can account for any values of nP 1, even non-
integers. This allows to consider a more general nonlinear
power-law stretching of the sheet.
All the above mentioned studies continued their discussions
by assuming the no-slip boundary conditions. The non-adher-
ence of the ﬂuid to a solid boundary, also known as velocity
slip, is a phenomenon that has been observed under certain cir-
cumstances (Yoshimura and Prudhomme [31]). Recently,
many researchers (Wang [32], Andersson [33], Ariel et al.
[34], Ariel [35], and Abbas et al. [36], etc.) investigated the ﬂow
problems taking slip ﬂow condition at the boundary. A new
dimension is added to the above mentioned study by consider-
ing the effects of partial slip at the stretching wall.
Suction or injection (blowing) of a ﬂuid through the
bounding surface can signiﬁcantly change the ﬂow ﬁeld. In
general, suction tends to increase the skin friction, whereas
injection acts in the opposite manner. Injection or with-
drawal of ﬂuid through a porous bounding wall is of general
interest in practical problems involving boundary layer
control applications such as ﬁlm cooling, polymer ﬁber coat-
ing, and coating of wires. The process of suction and blowing
has also its importance in many engineering activities such
as in the design of thrust bearing and radial diffusers and
thermal oil recovery. Suction is applied to chemical processes
to remove reactants. Blowing is used to add reactants, cool
the surface, prevent corrosion or scaling, and reduce the
drag.
Since no attempt has been made to analyze the effects of
partial slip on boundary layer ﬂow over a nonlinearly stretch-
ing surface with suction or injection, so it is considered in this
article. Using similarity transformation, a third order ordin-
ary differential equation corresponding to the momentum
equation is derived. Using shooting method, numerical calcu-
lations up to desired level of accuracy were carried out for
different values of dimensionless parameters of the problem
under consideration for the purpose of illustrating the results
graphically. The results obtained are then compared with
those of Van Gorder and Vajravelu [30] who reported the
results for some special case of the present study. The analy-
sis of the results obtained shows that the ﬂow ﬁeld is
inﬂuenced appreciably by the slip parameter in the presence
of suction/injection at the wall. Estimation of skin friction
which is very important from the industrial application point
of view is also not presented in their analysis. It is hoped that
the results obtained will not only provide useful information
for applications, but also serve as a complement to the previ-
ous studies.
2. Equations of motion
Consider the ﬂow of an incompressible viscous ﬂuid past, a ﬂat
sheet coinciding with the plane y= 0. The ﬂow is conﬁned toy> 0. Two equal and opposite forces are applied along the x-
axis, so that the wall is stretched keeping the origin ﬁxed. The
continuity, momentum equations governing such type of ﬂow
are written as follows:
@u
@x
þ @t
@y
¼ 0; ð1Þ
u
@u
@x
þ t @u
@y
¼ m @
2u
@y2
; ð2Þ
where u and t are the components of velocity, respectively, in
the x and y directions, m ¼ lq is the kinematic viscosity, q is the
ﬂuid density (assumed constant), and l is the coefﬁcient of
ﬂuid viscosity.
2.1. Boundary conditions
It is well known that polymer melts often exhibit macro-
scopic wall slip and that in general is governed by a nonlinear
and monotone relation between the slip velocity and the
traction (Abel et al. [37]). According to Gad-el-Hak [38],
velocity slip is assumed to be proportional to local shear
stress.
The appropriate boundary conditions for the problem are
given by
u ¼ csgnðxÞjxjM þNm @u
@y
ð1 < x < 1Þ; t
¼ VðxÞ at y ¼ 0; ð3Þ
u ! 0 as y !1: ð4Þ
Here, c (>0) is a constant, M (>0) is a nonlinear stretching
parameter, N ¼ N1jxj
M1
2 is the velocity slip factor which
changes with x, and N1 is the initial value of velocity slip
factor. The no-slip case is recovered for N= 0. V(x) > 0 is
the velocity of suction and V(x) < 0 is the velocity of blowing,
V(x) = V0 sgn(x) jxj
M1
2 ; a special type of velocity at the wall is
considered. V0 is a constant.
2.2. Method of solution
Introducing the similarity variables as
g ¼ y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðMþ 1Þ
2m
r
jxjM12 ; u ¼ csgnðxÞjxjMf0ðgÞ;
t ¼ sgnðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðMþ 1Þm
2
r
jxjM12 fðgÞ þ M 1
Mþ 1
 
gf0ðgÞ
 
; ð5Þ
and upon substitution of (5) in Eqs. (2)–(4), the governing
equations and the boundary conditions reduce to
f000 þ ff00  2M
Mþ 1 f
=2 ¼ 0; ð6Þ
f0 ¼ 1þ Bf00; f ¼ S at g ¼ 0; ð7Þ
and f0 ! 0 as g ! 1; ð8Þ
where the prime denotes differentiation with respect to g,
B ¼ N1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cmðMþ1Þ
2
q
is the slip parameter and S ¼ V0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cmðMþ1Þ
2
p > 0 (or
<0) is the suction (or blowing) parameter.
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Figure 1b Variation in horizontal velocity f0ðgÞ with g for several
values of nonlinear stretching parameter M.
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Figure 1c Variation in shear stress f00ðgÞ with g for several values
of nonlinear stretching parameter M.
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The above Eq. (6) along with boundary conditions is solved by
converting them to an initial value problem. We set
f0 ¼ z; z0 ¼ p; p0 ¼ 2M
Mþ 1 z
2  fp
 
: ð9Þ
with the boundary conditions fð0Þ ¼ S; f0ð0Þ
¼ 1þ Bf00ð0Þ: ð10Þ
In order to integrate (9) as an initial value problem, one re-
quires a value for p(0) i.e. f00ð0Þ but no such value is given at
the boundary. The suitable guess value for f0ð0Þ is chosen,
and then, integration is carried out. Comparing the calculated
value for f0 at g= 10 (say) with the given boundary condition
f0ð10Þ ¼ 0 and adjusting the estimated value, f00ð0Þ, a better
approximation for the solution is given.
Taking the series of values for f00ð0Þ; and applying the
fourth order classical Runge–Kutta method with step-size
h= 0.01, the above procedure is repeated until the result up
to the desired degree of accuracy (105) is obtained.
4. Results and discussion
In order to analyze the results, numerical computation has
been carried out using the method described in the previous
section for various values of the nonlinear stretching parame-
ter (M), velocity slip parameter (B), and suction (/injection)
parameter (S). For illustrations of the results, numerical values
are plotted in Figs. 1a–6c.
For the veriﬁcation of accuracy of the applied numerical
scheme, a comparison of the present results corresponding to
the velocity and stream function proﬁles for B= 0 and
S= 0 (i.e. in absence of slip and suction at the boundary) with
the available published results of Van Gorder and Vajravelu
[30] is made and presented in Fig. 1a. The results are found
in excellent agreement.
Let me ﬁrst concentrate on the effects of nonlinear stretch-
ing parameter M on velocity distribution and shear stress pro-
ﬁles in case of no-slip condition at the boundary and in the
absence of suction/blowing. In Fig. 1b, horizontal velocity pro-
ﬁles are shown for different values of M (M= 0.1,0.5,1,3).
The horizontal velocity curves show that the rate of transport*
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Figure 1a Velocity f0ðgÞ and stream function f(g) proﬁles for
linear stretching sheet with B= 0, S= 0 .
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Figure 2a Variation in horizontal velocity f0ðgÞ with g for several
values of slip parameter B with M= 1, S= 0.decreases with the increasing distance (g) of the sheet. In all
cases, the velocity vanishes at some large distance from the
sheet (at g= 6). The velocity curves show that the rate of
transport is considerably reduced with increasing values of
M. Further, the decrease in f0(g) is almost negligible for large
M, as the coefﬁcient 2M/(M+ 1) in the differential Eq. (6)
approaches 2 as M approaches inﬁnity.
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Figure 3a Variation in horizontal velocity f0ðgÞ with g for several
values of slip parameter B with M= 0.3, S= 0.
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Figure 3b Variation in shear stress f00ðgÞ with g for several values
of slip parameter B with M= 0.3, S= 0.
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Figure 2b Variation in shear stress f00ðgÞ with g for several values
of slip parameter B with M= 1, S= 0.
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Figure 5a Variation in horizontal velocity f0ðgÞ with g for several
values of suction parameter S with M= 0.1, B= 0.6.
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Figure 4a Variation in horizontal velocity f0ðgÞ with g for several
values of suction parameter S with M= 1, B= 0.
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Figure 4b Variation in shear stress f00ðgÞ with g for several values
of suction parameter S with M= 1, B= 0.
566 S. MukhopadhyayFig. 1c represents the shear stress proﬁles for variable val-
ues of nonlinear stretching parameter M. Though the shear
stress decreases initially with increasingM but it increases after
a certain distance g from the wall. The effects of nonlinear
stretching parameter M are signiﬁcant when M is low.
Now, the velocity and shear stress proﬁles are presented for
the variation in velocity slip parameter in the absence ofsuction for linear and nonlinear stretching sheet, respectively.
Figs. 2a and 3a demonstrate the effects of velocity slip param-
eter (B) in the absence of suction/blowing (i.e. for S= 0) on
linear and nonlinear stretching sheet, respectively. With the
increasing B, the horizontal velocity is found to decrease
initially (Figs. 2a and 3a). This feature prevails up to certain
heights, and then, the process is slowed down and at a far
distance from the wall it increases slightly.
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Figure 5b Variation in shear stress with g for several values of
suction parameter S with M= 0.1, B= 0.6.
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Figure 6a Skin-friction coefﬁcient ½f00ð0Þ against nonlinearly
stretching parameter M for two values of slip parameter B with
S= 0.
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Figure 6b Skin-friction coefﬁcient ½f00ð0Þ against nonlinearly
stretching parameterM for two values of suction parameter S with
B= 0.
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Figure 6c Skin-friction coefﬁcient ½f00ð0Þ against suction
parameter S for two values of slip parameter B with M= 0.1.
Analysis of boundary layer ﬂow over a porous nonlinearly stretching sheet 567When slip occurs, the ﬂow velocity near the sheet is no
longer equal to the stretching velocity of the sheet. With the in-
crease in B, such slip velocity increases, and consequently, ﬂuid
velocity decreases because under the slip condition, the pulling
of the stretching sheet can be only partly transmitted to the
ﬂuid. It is noted that B has a substantial effect on the solutions.Figs. 2b and 3b exhibit that initially, the shear stress f00ðgÞ in-
creases with the increasing values of velocity slip parameter B
in the absence of suction (S= 0) for both linear and nonlinear
stretching sheet, respectively. B= 0 corresponds to the no-slip
case.
Figs. 4a and 4b represent the velocity and shear stress pro-
ﬁles for variable suction parameter S for linear stretching sheet
in the absence of slip (i.e. for no-slip case). It is seen that veloc-
ity decreases with increasing suction parameter, whereas the
shear stress decreases initially with the suction parameter S,
but it increases after a certain distance g from the sheet. Far
away from the wall, such feature is smeared out. It is observed
that when the wall suction (S> 0) is considered, this causes a
decrease in the boundary layer thickness and the velocity ﬁeld
is reduced. However, opposite behavior is noted if wall injec-
tion (S< 0) is considered.
Figs. 5a and 5b depict the effects of suction parameter S on
velocity and shear stress proﬁles, respectively, in presence of
slip at the boundary for nonlinearly stretching sheet. It is ob-
served that velocity decreases signiﬁcantly with increasing suc-
tion parameter, whereas the shear stress decreases initially with
the suction parameter S, but it increases signiﬁcantly after a
certain distance g from the sheet. S= 0 represents the case
of non-porous stretching sheet.
Fig. 6a exhibits the nature of skin-friction coefﬁcient
½f00ð0Þ with nonlinearly stretching parameter M for slip
(B= 0.6) and no-slip (B= 0) cases. It is found that skin-fric-
tion coefﬁcient ½f00ð0Þ increases with M whereas decreases in
presence of slip at the boundary. Fig. 6b presents the behavior
of skin-friction coefﬁcient ½f00ð0Þ with nonlinearly stretching
parameter M for porous (S= 1) and non-porous (S= 0)
stretching sheet. Skin friction increases with suction. Fig. 6c
displays the proﬁles for skin-friction coefﬁcient ½f00ð0Þ
against suction parameter S for nonlinearly stretching sheet
for two values of slip parameter B. Skin-friction coefﬁcient de-
creases with slip and increases with suction.
5. Conclusions
The present study gives the numerical solutions for steady
boundary layer ﬂow over a nonlinearly stretching surface in
presence of partial slip at the boundary. The rate of transport
is considerably reduced with increasing values of nonlinearly
stretching parameter. The effect of suction parameter on a
568 S. Mukhopadhyayviscous incompressible ﬂuid is to suppress the velocity ﬁeld
which in turn causes the enhancement of the skin-friction coef-
ﬁcient. The results pertaining to the present study indicate that
due to slip, velocity decreases.
It is hoped that the physics of ﬂow over the stretching
sheet can be utilized as the basis for many engineering and
scientiﬁc applications with the help of the present model.
The results pertaining to the present study may be useful
for the different model investigations. The ﬁndings of the
present problem are also of great interest in different areas
of science and technology where the surface layers are being
stretched.Acknowledgement
Thanks are indeed due to the learned reviewers for their con-
structive suggestions.
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